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Banach $E$ 10, $1|\mathrm{x}E$ $E$ $f(t, x)$
$(a, b, c, d)$ $f(t, x)$ 2 Pschitz
Lipschitz $L_{f}$ 3 $(\#)=(\#;a,$ $b,$ $c\cdot$, :
$u”(t)=f(t, u(t))(0\leq t\leq 1),$ $au’(0)+bu(0)=0$ and $cu’(1)+du(1)=0$
$S_{J}=S_{J}\langle a,$ $b,$ $c$, $S_{\int}$
$u\in C^{2}([0,1], E)$ maximum norm
Banach $C(10,1|, E)$




Herzog Lemmert $E$ $C$ $S_{J}(0,1,0,1)$
$f$ Lipschitz $L_{J}$ $\pi^{-}$’
$|2|$
Theorem 1. Suppose $a^{2}+b^{-}’\neq 0$ and $c^{-}’+d^{-}’\neq 0.$ Then given any closed subset $C$ of $E$,
there is acontinuous function $f:10,1|\mathrm{x}Earrow E$ which is Lipschitz continuous in its second
variable such that $S_{J}$ is homeomorphic to $C$ .
Remark 1. If either $a=b=0$ or ($.=d=0$ and $abcd\neq 0,$ then $S_{\int}$ is homeomogphic to
$E$ for any continuous function $f:|0,1|\mathrm{x}Earrow E$ which is Lipschitz continuous in its
second variable. Moreover if $a=b=c=d=0,$ then $S_{\int}$ is homeomorphic to $E\oplus E$ for
any continuous function $f:|0,1|\mathrm{x}Earrow E$ which is Lipschitz continuous in its second
variable.
$E$ $C$ $C$ $S_{f}(a, b, c, d)$
$f$ $f$
Lipschitz
$(a, b, \mathrm{c}\cdot, d)$
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Theorem 2. Let $C$ be an arbitrary closed subset of $E$ and $\epsilon>0$ .
(i)There are many continuous functions $f:\lfloor 0,1\rfloor \mathrm{x}Earrow E$ with $L_{\int}\leq\epsilon$ such that
$S_{\int}(1,0,1,0)$ is homeomorphic to $C$ .
(ii) There are many continuous functions $f$ : [0, $1 \rfloor \mathrm{x}Earrow E\dot{\mathrm{w}}\mathrm{i}\mathrm{t}\mathrm{h}L\leq\frac{\pi^{-}}{4’}\int+\epsilon$ such that
$S_{\int}(1,0,0,1)$ is homeomorphic to C. Similarily for $S_{J}(0,1,1,0)$
(iii) (Herzog-Lemmert $|2]$ ) There are many continuous functions. $f$ : 10, $1\mathrm{J}\mathrm{x}Earrow E$ with
$L_{J}\leq\pi\underline’+\epsilon$ such that $S_{f}(0,1,0,1)$ is homeomorphic to $C$ .
:
Let $x\in E.$ Let $P_{J}=P_{J}(x;a, b, c, d)$ be a.initial condition of $u”(t)=f(t, u(t))(0\leq t\leq 1)$
depending on $x,$ $a,$ $b,$ $c$ and $d.$ Then there exists a unique solution $u\in C^{-}’([0,1], E),$ say
$v_{X}=v_{\mathfrak{k},\int,a,b,\cdot,d}.$( ’which satisfies $u”(t)=f(t, u(t))(0\leq t\leq 1)$ and $P_{J}$ . For the following5-
cases, we define $P \int \mathrm{a}\mathrm{n}\mathrm{d}N_{\int}$ :
(1) $a\neq 0$ : $P_{\int}=|u(0)=x$ and $u’(0)=- \frac{b}{a}x|,$ $N_{\int}=\{x\in E:cv_{\mathrm{r}}’.(1)+dv_{\iota}.\cdot(1)=0\}$.
(2) $a=0,$ $c\neq 0:P_{\int}=\lfloor u(1)=x$ and $u’(1)=- \frac{d}{c}x\rfloor,$ $N_{\int}=\{x\in E:bv_{X}(0)=0\}$ .
(3) $a=c=0,$ $b\neq 0,$ $d\neq 0:P_{f}=\lceil u(0)=0$ and $u’(0)= \frac{\pi}{2}x],$ $N_{f}=\{x\in E:v_{\mathrm{v}}.(1)=0\}$ .
(4)$)a=c.=b=0^{\cdot},$ $d\neq 0:P_{J}=|u(1)=0$ and $u’(1)=- \frac{\pi}{2}x|,$ $N_{\int}=E$.
(5) $a=c\cdot=d=0,$ $b\neq 0:P_{\int}=$ [$u(0)=0$ and $u’(0)=- \frac{\pi}{2}x$], $N_{\int}=E$ .
Set
$\Phi_{\int}(x)=v_{X}(x\in E)$ .
$\Phi_{f}$ $E$ $C$( $|0$ , , $E$)
$(^{*})$ $\Phi_{f}(N_{f})=S_{f}$ and $m||x- y|\leq||\Phi_{f}(x)-\Phi_{J}(y’)|\leq M||x-.)’|$ ($0<m,$ $M$ : constants)
$a^{2}+b^{-}’\neq 0$ and $c^{2}+d^{2}\neq 0$
we can choose $\lambda,$ $\mu\in R,$ $\xi\in C(\lfloor 0,1],$ $R)$ and $\varphi\in C^{2}([0,1], R)$ such $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}-\lambda\neq 0,$ $\mu\neq 0$ ,
$\varphi’’(t)=\xi(t)\varphi(t)(0\leq t\leq 1)$ , $\varphi(0)=-\lambda a,$ $\varphi’(0)=\lambda b,$ $\varphi(1)=\mu c$ and $\varphi’(1)=-\mu d$ . $\mathrm{A}_{\urcorner}x_{0}\text{ }$
$E$ norm one $C=\emptyset$ { $
$f(t, x)=\xi(t)x+\varphi(t)x_{0}(0\leq t\leq 1, x\in E)$ .
$f$ $\lfloor 0$ , $\mathrm{x}E$ $E$ $|L_{f}|=|$ $\xi|$
$S_{\int}=\otimes$
$C\neq\emptyset$
$f(t, x)= \xi(t)x+\frac{\epsilon}{||\varphi||}h(t, x)\varphi(t)x_{0}(0\leq t\leq 1, x\in E)$
$\text{ }\epsilon>0,$ $h(t, x)= \inf_{c\in C}\frac{|\varphi(t)c- x||}{1+||c|}.(0\leq t\leq 1, x\in E)$ $f$




$A,$ $\ovalbox{\tt\small REJECT}\{\xi \mathrm{C}C$([0, , $R$) $\ovalbox{\tt\small REJECT}\exists\varphi CC^{-}$( $[0$ , , $R$ )
$st$. $\varphi^{\circ\prime}(t)\ovalbox{\tt\small REJECT}\xi(t)\varphi(t)(0\leq t\leq 1),$ $\varphi’(0)\ovalbox{\tt\small REJECT}\varphi^{\circ}(1)\ovalbox{\tt\small REJECT} 0,$ $\varphi(0)\ovalbox{\tt\small REJECT}[]\}$ ,
$A_{-},=\{\xi\in C(10,1|, R):\exists\varphi\in C\underline’(10,1\mathrm{J}, R)$
$s.t$. $\varphi^{n}(t)=\xi(t)\varphi(t)(0\leq t\leq 1),$ $\varphi’(0)=\varphi(1)=0,$ $\varphi(0)=1\}$
and
$A_{3}=\{\xi\in C([0,1\rfloor, R):\exists\varphi\in C^{2}([0,1|, R)$
$s.t$. $\varphi^{\mathfrak{n}}(t)=\xi(t)\varphi\langle t.)(0\leq t\leq 1),$ $\varphi(0)=\varphi(1)=0\}$ .
$\rho_{i}=\inf\{|\xi|:\xi\in A_{i}\}(i=1,2,3)$ $\epsilon>0$
:
(i) There are many functions $\xi\in C(|0,1],$ $R)$ and $\varphi\in C^{-}’([0,1], R)$ such that
$0<|\xi|<\epsilon,$ $\varphi^{\mathfrak{n}}(t)=\xi(t)\varphi(t)(0\leq t\leq 1),$ $\varphi’(0)=\varphi’(1)=0$ and $\varphi(0)=1$ .
(ii) There are many functions $\xi\in C(10,1],R)$ and $\varphi\in C^{-}’([0,1[, R)$ such that
$\frac{\pi-}{4’}<|\xi|<\frac{\pi}{4\underline’}+\epsilon,$ $\varphi’’(t)=\xi(t)\varphi(t)(0\leq t\leq 1),$ $\varphi’(0)=\varphi(1)=0$ and $\varphi(0)=1$ .
(iii) There are many functions $\xi\in C(|0,1|, R)$ and $\varphi\in C\underline’([0,1], R)$ such that
$\pi\underline’<|\xi|<\pi^{-}’+\epsilon,$ $\varphi^{n}(t)=\xi(t)\varphi(t.)(0\leq t$. $\leq 1)$ and $\varphi(0)=\varphi(1)=0$.
(iv) $\rho_{1}=0,$ $\rho\underline,=\frac{\pi}{4\underline’}$ and $\rho_{3}=\pi\underline’$ .
1 $f$ 2
Let $C$ be aclosed subset of $\mathrm{a}$ Banach space $E.$ Let $x0$ be $\mathrm{a}$ norm one element of
$E,$ $\xi\in C([0,1\rfloor, R)$ and $h:[0,1|\mathrm{x}Earrow E$ a continuous function which is Lipschitz
continuous in its second variable. Set
$f(t, x)=\xi(t)x+h(t, x)x_{0}(0\leq t\leq 1$ , x\in L .
We ask acondition on $\xi$ and $h$ such that $N=C \int$ .
Hilbert $H$ $\varphi(0)=0$ or $\varphi(1)=0$ $\varphi\in C^{1}([0,1], H)$
$\int_{0}^{1}|\varphi(t)|^{-}’ dt\leq\frac{4}{\pi^{-}},\int_{0}^{1}|\varphi’(t)|^{-}’ dt$ (cf. 0])
$f:|0,1|\mathrm{x}Harrow H$ $u\in C\underline’([0,1], H)$
$( \Phi u)(t)=\int_{(\}}^{l}d\tau\int_{()}^{\tau}f(\sigma, u(\sigma))d\sigma- t\int_{()}^{1}f(\tau, u(\tau))d\tau(0\leq t\leq 1)$
$(\Phi u)(0)=(\Phi u)’(1)=0$
$| \Phi u-\Phi v|_{L(\mathrm{l}0,1|.H)}\underline,\leq\frac{4L_{J}}{\pi^{-}},|u- v|_{I^{-}([0.1]},’$
,$




$E:\mathrm{a}$ real Banach space
$f:[0,1\rfloor \mathrm{x}Earrow E$ : aLipschitz continuous function in its. second variable
with Lipschitz constant $L_{\int}$
3
$u”(t)=f(t, u(t))(0\leq t\leq 1)$ , au’(0)+bu(0) $=0$ and $cu’(1)+du(1)=0$
$S_{J}=S_{J}(a, b, c, d)$ $E$
$C$ $S_{f}$ $f$ ?
$f$ $L_{J}$ ? $a,$ $b,$ $c,$ $d$
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(1) $\sim(5)$ Theorem 1 $f$
$L_{f}$ (6) $\sim(12)$
Remark 1 $f$ $S_{f}\underline{\approx}E$ $S_{\int}\underline{\simeq}E\oplus E$
(13)\sim (16) Theorem 1 $f$
Theorm 2, [21
(15)\sim ( ) $E$ Hilbert space
(1) $a\neq 0,$ $b\neq 0,$ $c\neq 0,$ $d \neq 0:\inf L_{\int}$ is unknown
(2) $a\neq 0,$ $b\neq 0,$ $c\neq 0,$ $d=0: \inf L_{J}$ is unknown
(3) $a\neq 0,$ $b\neq 0,$ $c=0,$ $d \neq 0:\inf L_{\int}$ is unknown
(4) $a\neq 0,$ $b=0,$ $c\neq 0,$ $d\neq 0$ : $\inf L_{J}$ is unknown
(5) $a=0,$ $b\neq 0,$ $c\neq 0,$ $d \neq 0:\inf L_{J}$ is unknown
(6) $a\neq 0,$ $b\neq 0,$ $c\cdot=0,$ $d=0:S \underline{\approx}E\int$ for any $f$
(7) $a\neq 0,$ $b=0,$ $c=0,$ $d=0:S \underline{\simeq}E\int$ for any $f$
(8) $a=0,$ $b\neq 0,$ $c=0,$ $d=0:S \underline{\approx}E\int$ for any $f$
(9) $a=0,$ $b=0,$ $c\cdot\neq 0,$ $d\neq 0:S_{\int}\underline{\infty}E$ for any $f$
(10) $a=0,$ $b=0,$ $c\neq 0,$ $d=0:S_{J}\underline{\simeq}E$ for any $f$
( ) $a=0,$ $b=0,$ $c=0,$ $d\neq 0$ : $S_{\int}\underline{\simeq}E$ for any $f$
(12) $a=0,$ $b=0,$ $c=0,$ $d=0:S_{J}\underline{\approx}E\oplus E$ for any $f$
(13) $a\neq 0,$ $b=0,$ $c\cdot\neq 0,$ $d=0:S_{\int}\underline{\simeq}C,$ $\inf L_{J}=0$ (Neumann problem)
(14) $a=0,$ $b\neq 0,$ $c.=0,$ $d\neq 0:S_{J}\underline{\simeq}C,$ $\inf L_{I}=\pi^{2}$ (Direchlet problem)
(15) $a=0,$ $b\neq 0,$ $c\neq 0,$ $d=0:S_{J}\underline{\approx}C,$ $\inf L_{f}=\frac{\pi^{\underline{\circ}}}{4}$ if $E$ is aHilbert space
(16) $a\neq 0,$ $b=0,$ $c=0,$ $d\neq 0:S_{J}\underline{\approx}C,$ $\inf L_{J}=\frac{\pi^{-}}{4},$ if $E$ is aHilbert space
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